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1 In tro duction

Motion planning is a fundamental problem in robotics. The classic path
planning problem is described as the following: given a three dimensional rigid
body and a known set of obstacles,the task is to ¯nd a collision-freepath from
a start con¯guration to a goal con¯guration. Additionally , this task is to be
completed in a reasonableamount of time. This is known as the piano mover's
problem[1]. A more generalscenario,known as the generalized mover's problem
would have the robot as °exible polyhedra with moving polyhedral obstacles.

This report will review classical motion planning paradigms - potential ¯eld
methods, roadmap methods such as visibilit y graph methods and probabilistic
roadmaps. More emphasiswill be placed on roadmaps as this technique has
shown promising results for complicated robot planning problems.

Actions in the physical world are subject to physical laws, uncertainit y and
geometric constraints. The design and analysis of motion planning algorithms
raisesquestionsin a number of ¯elds - mechanics,control theory, computational
and di®erential geometry, and computer science. This report will only
consider the simpli¯ed geometric problem and as such ignore issuessuch as
incomplete information, nonholonomic constraints. moving and deformable
objects, multiple robots and control related issues.

1.1 Mathematical de¯nitions

Before we can go on with the review on motion planning, it is instructional to
establish a uniform mathematic notation. The notation followed in this report
is the sameas in [2].

The con¯guration spaceQ is de¯ned as the set of all con¯gurations a robot can
achieve. This spaceis generally non-Euclidean. The dimension of this spaceis
equal to the number of degreesof freedom in the robot. For example, a rigid
body in three dimensions has six degreesof freedom - three for the position
(x,y,z) and three for the orientation (roll-y aw-pitch). Qf r ee is de¯ned as the
set of robot con¯gurations that do not interesect an obstacle. A particular
con¯guration from this spaceis de¯ned as q.

2 Poten tial Field Metho d

Potential ¯eld methods were ¯rst described by Khatib[3 ] for on-line collision
avoidance for a robot with proximit y sensors. This approach reformulate the
motion planning problem as a numerical one. This method makes use of a
force ¯eld with parameters for the robot, the goal and obstacles. The robot
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Figure 1: Typical potential ¯elds.

and obstaclesare parameterizedas positive chargesand the goal as a negative
charge.

The planning can be thought of as the robot navigating this scalar, arti¯cial
potential ¯eld using repulsive interactions with obstacles (lik e charges) and
attractiv e interacions with the goal. The total interaction is the sum of the
two interactions.

U(q) = Uattr (q) + Ur epul (q)

Each step is taken along the negative gradient of the potential. The robot
terminates the motion when it reaches a point where the gradient is zero,
signifying a minima. Gradients also becomezero at saddle points, but these
points are generally unstable and a slight pertubation will \release" it from this
point.

Ideal force ¯elds are smooth, have a single global minima at the goal, no local
minimas and grows to in¯nit y at the obstacles. It is alsokey that the force ¯eld
is stable at the goal, otherwise it will lead to \ro cking" motion at the goal.

Disadvantagesare that failure is possibleeven when a valid path exists. These
failure modes are visible to bystanders. Furthermore, this method stops when
the gradient is zero and this could happen at local minimas and saddlepoints.
It is hard to comeup with a potential ¯eld with no local minima at all.

Randomized potential ¯eld method[4], proposedby Barraquand and Latombe
for path planning can be applied to robots with many degreesof freedom. The
method attempts to escape local minima by random walks.
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Figure 2: Visibilit y graph.

3 Roadmap Metho ds

A map is a data structure used to plan subsequent paths more quickly. The
data structure tries to capture the connectivity and featuresof the con¯guration
spaceof the robot. Using the map, a planner can ¯nd a path betweenany two
con¯gurations by ¯rst ¯nding a collision freepath from oneof the con¯gurations
to the roadmap and likewisefrom the roadmap to the destination con¯guration.

3.1 Visibilit y Graphs

First explored by NJ Nilsson in 1969, visibilit y maps apply to C-spacewith
polyhedral obstacles.Nodesof the map are the vertices of the polygon and two
nodes for the visibilit y graph share an edgeif their corresponding vertices are
within line of sight of each other. The line of sight might come from a sonar
reading, for example.

Visibilit y graph methods are complete. They are conceptually simple, but are
really only suitable for two-dimensionalC-space.

3.2 Probabilistic Roadmaps

When the number of degreesof freedomof the robot is moderately large, exact
path planning approaches fail to work. Generalizedmover's problem in which
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the robot is a collection of polyhedra freely linked together at various verticles
was proven to be PSPACE hard by Reif[5]. So, one has to resort to heuristic
approaches to solving the problem. One such method is the probabilistic
roadmap method (PRM). The premisebehind this approach is that it is cheap
to check if a single robot con¯guration q is in Qf r ee or not.

The data structure used is a unidirectional graph G(V; E), with verticles V
and edgesE. The basic PRM method can be broken down into two stages- a
construction stageand a query stage.

3.2.1 Roadmap construction

Initially , the graph G is empty. The method begins by sampling the
con¯guration spaceof the robot. If thesesamplepoints q are in Qf r ee , they are
added as nodes to G. Many sampling strategiesare possible,but for simplicit y
assumethat the con¯gurations are sampledfrom a uniform distribution.

The nodesare connectedby a local planner ¢. ¢( q; q0) returns true if there is
a collision-freepath betweenq and q0, elseit returns NIL. The simplest planner
usesa straight line in C-spaceto create a path. Collision-free paths are added
as edgesto G.

It is not e±cient to try to connecteach node with every other node in the graph,
so only the k closestnodes are sent to ¢. The closestnodes are computed by
a distance metric dist, which for simplicit y can be assumedto be the Euclidean
distance. More complicated data structures can be used to speedthis step up,
including the use of kd-trees. It is also possible to make use of approximate
distance computations to connect nodes.

The uniform distribution works quite well for a variety of problems, but
when a path exists through narrow passages,more elaborates schemes such
as OBPRM[6], medial axis bias methods[7] and bridge tests can be used[8].

Once this stageis completed, the graph G represents the connectivity of Qf r ee.

3.2.2 Query phase

The roadmap constructed in the preceding section can be queried for a path
between two arbitary con¯gurations qinit and qgoal . It might be possible that
multiple paths exists between the two con¯gurations - then, in that case,the
shortest path might be selectedaccording to Dijkstra's algorithm or the A¤

algorithm. It is also likely that the graph G doesnot represent the connectivity
of Qf r ee that well or no path exists between the two con¯gurations. In that
case,we return to stageone and more nodesare added to the graph.
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Figure 3: Robot at the International SpaceStation.

3.2.3 Analysis

Complete motion planning techniques such as cell decomposition that depend
on explicit representation of Qf r ee do not scaleas the degreesof freedomof the
robot increases. PRM on the other hand sacri¯es completenessfor speed and
it can be described as probabilistically complete. The probabilit y of ¯nding a
path approaches1, if such a path exists, as the running time tends to in¯nit y.

The probabilit y of ¯nding a path (assuingsuch a path exists) dependson three
factors - the length of the known path, the closenessof the path to obstacles
and the number of nodes in the graph.

Pr f ail ur e[(q; q0)] » e¡ N

The book[2] has a proof of the above statement. In brief, the probabilit y of
failure drops exponentially to zero with the number of nodes.

In practice, PRM has successfullysolved many complex problems. They are
easyto implement and fast. The drawbacks of PRM are that the probabilistic
nature of the algorithm leads to large standard deviations in planning time.
They is also no termination criteria when a solution cannot be found.
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Figure 4: A 5-dof robot in MPK.

4 Motion Planning Kernel

Motion Planning Kernel (MPK) is a feature-rich software simlation system
designed at the Computational Robotics Lab at Simon Fraser University[9].
It comeswith a full suite of collision detection algorithms (V-collide[10] and
SOLID[11] amongst others) and exact and probabilistically-complete motion
planning schemesincluding ACA, RRT, PRM. Collision detection packagessuch
asSWIFT++[12 ] alsocompute exact and approximate distances. It alsocomes
with a wide variety of robots, including somesophisticated oneslike the seven-
DOF robot at the International SpaceStation in ¯gure 3. MPK also allows the
user to add arbitary polygonal obstacles.

MPK wasdesginedwith extensiblity in mind. The shortcomingwith commercial
packages is that the user has little, if not, no control over the underlying
algorithms. MPK on the other hand allows the userto hand pick any collision or
planning schemeof choice, or even extend existing routines to suit their needs.

The biggest advantage of MPK is the framework that it provides. This gives
accessto previously createdlibraries of robots and working environments. Under
this framework, it is also possible to test new collision detection algorithms
apart from planners. This simpli¯es the testing and benchmarking of any new
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Figure 5: More control over PRM.

algorithms implemented. MPK is implemented in standard C++ with an object
oriented design.

Figure 4 shows a 5-DOF robot that was used to play with the di®erent
modules available in MPK. The software allows the user to set the inital and
goal con¯gurations (shown in green), the planner, and the collision detection
algorithm. Someplanners open up a window for more control such as the one
in ¯gure 5 for PRM.
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